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Abstract
We study the stability problem for mappings satisfying the equation∥∥f (x − y)∥∥= ∥∥f (x) − f (y)∥∥.
As a result we obtain the stability of functions preserving the equality of distance, that is, satisfying
for all x, y,u, v the condition
‖x − y‖ = ‖u − v‖ ⇒ ∥∥f (x) − f (y)∥∥= ∥∥f (u) − f (v)∥∥.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The functional equation∥∥f (x + y)∥∥= ∥∥f (x) + f (y)∥∥ (1)
has extensively been studied by many authors (see, e.g., P. Fischer and G. Muszély [4],
J. Dhombres [3], J. Aczél and J. Dhombres [1], R. Ger [6–8]). In [7], R. Ger gave a nice
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Seminar on Functional Equations in Cieszyn, Poland, he presented the complete solution
of this equation in the class of functions mapping an abelian group into a normed space (see
[6,8]). One can see that all solutions of (1) have to be odd. Surprisingly, it is completely
not the case with the solutions of∥∥f (x − y)∥∥= ∥∥f (x) − f (y)∥∥, (2)
where the solutions can be far from odd functions. It is easy to see that (1) implies (2),
but the converse is not true, in general. Equation (2) has been studied by F. Skof [13] and
R. Ger [5]. In case where the target space is strictly convex they gave some equivalent
conditions for an additive function to be a solution to (2). In case of real valued functions
defined on an abelian group R. Ger proved that the class of solutions of (2) is equal to the
class of solutions of Mikusin´ski’s functional equation.
It is an interesting problem to investigate the stability of a functional equation, which
means that we check whether for a function which satisfies the functional equation approx-
imately there exists a function satisfying it exactly and being uniformly close to the former
one.
B. Batko and J. Tabor showed that (1) is, in general, not stable (see [2]). There exists a
function satisfying this equation approximately, but it is not close to any function satisfying
it exactly. Assuming, however, the surjectivity of the function involved, Jacek Tabor [14]
proved the stability of (1).
On account of the earlier results one can check that (2), in general, is not stable (cf.
Example 1 below). However, also in the case of (2), it turns out that the surjectivity (or a
slightly weaker assumption) is a sufficient condition for the stability. We shall prove it using
similar ideas involving multivalued functions as Jacek Tabor did in [14] while studying the
stability of (1).
As a consequence of the stability of (2), we shall get the stability of another functional
equation. We start here with some notations.
We say that a function f : X → Y between two real normed spaces (X,‖ · ‖X) and
(Y,‖ · ‖Y ) preserves the equality of distance if there exists a function pf : [0,+∞) →
[0,+∞) such that ‖f (x) − f (y)‖Y = pf (‖x − y‖X) for all x, y ∈ X, which equivalently
means that for all x, y,u, v ∈ X we have
‖x − y‖X = ‖u − v‖X ⇒
∥∥f (x) − f (y)∥∥
Y
= ∥∥f (u) − f (v)∥∥
Y
. (3)
Such functions were studied by A. Vogt [15] and M. Omladicˇ and P. Šemrl [10]. They
proved among others that if dimX  2 and f : X → Y is a surjective mapping preserving
the equality of distance with f (0) = 0, then f is a linear isometry multiplied by a nonzero
constant.
Let (X,‖ · ‖X), (Y,‖ · ‖Y ) be normed spaces and ε be a nonnegative constant. We say
that f : X → Y is an ε-isometry if and only if∣∣∥∥f (x) − f (y)∥∥
Y
− ‖x − y‖X
∣∣ ε, x, y ∈ X.
Let now Z be a nonempty set. We say that f : Z → Y is a δ-surjection if and only if
∀y∈Y ∃x∈Z
∥∥y − f (x)∥∥  δ.Y
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In the further considerations we shall use a result coming from P. Šemrl and J. Väisälä
[12].
Theorem A. Let (X,‖ · ‖X) and (Y,‖ · ‖Y ) be Banach spaces, f : X → Y be a nearsur-
jective ε-isometry for some ε  0 and f (0) = 0. Then there exists a unique linear isometry
U : X → Y such that∥∥f (x) − U(x)∥∥
Y
 2ε, x ∈ X.
In order to simplify the notations, we will use the same symbol for norms in various
linear spaces, which, however, should not cause any confusion.
2. Results
We start this section with proving the following theorem.
Theorem 1. Let (X,+) be a group, (Y,‖ · ‖) be a real Banach space, and let δ and ε be
nonnegative constants. Assume that f : X → Y is a δ-surjection such that
sup
{∥∥f (x + y) − f (y + x)∥∥: x, y ∈ X}=: m < ∞. (4)
If f satisfies the inequality∣∣∥∥f (x) − f (y)∥∥− ∥∥f (x − y)∥∥∣∣ ε, x, y ∈ X, (5)
then ∥∥f (x + y) − f (x) − f (y)∥∥ 5ε + 5δ, x, y ∈ X. (6)
Proof. Fix x ∈ X and define a multivalued mapping Gx : Y → n(Y ) (where by n(Y ) we
understand the family of all nonempty subsets of Y ) as
Gx(u) :=
{
f (au + x) − f (x): au ∈ f −1
(
B(u, δ)
)}
, u ∈ Y,
where B(a,η) denotes the closed ball with the center at a and radius η. Since f is a δ-
surjection, for each u ∈ Y we have Gx(u) 	= ∅.
Fix u,v ∈ Y and take zu ∈ Gx(u) and zv ∈ Gx(v). There exist au ∈ f −1(B(u, δ)) and
av ∈ f −1(B(v, δ)) such that zu = f (au +x)−f (x) and zv = f (av +x)−f (x). We obtain
‖f (au) − u‖ δ, ‖f (av) − v‖ δ, whence∣∣‖zu − zv‖ − ‖u − v‖∣∣ ∣∣∥∥f (au + x) − f (av + x)∥∥− ∥∥f (au − av)∥∥∣∣
+ ∣∣∥∥f (au − av)∥∥− ∥∥f (au) − f (av)∥∥∣∣
+ ∣∣∥∥f (au) − f (av)∥∥− ‖u − v‖∣∣
 2ε + ∥∥f (au) − f (av) − u + v∥∥ 2ε + 2δ.
We have got∣∣‖zu − zv‖ − ‖u − v‖∣∣ 2ε + 2δ (7)
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arbitrary selection of Gx then∣∣∥∥gx(u) − gx(v)∥∥− ‖u − v‖∣∣ 2ε + 2δ, u, v ∈ Y, (8)
i.e., each selection of Gx is an (2ε + 2δ)-isometry. Moreover, if we take two arbitrary
selections gx , hx of Gx , condition (7) applied for u = v gives∥∥gx(u) − hx(u)∥∥ 2ε + 2δ, u ∈ Y, (9)
so the distance between each two selections is not bigger than 2ε + 2δ.
We want to show that Gx is δ-surjective, i.e., ∀v∈Y ∃u∈Y ‖v − hx(u)‖  δ for some
selection hx of Gx . For this end, fix v ∈ Y and take an arbitrary a ∈ f −1(B(v + f (x), δ)).
Let u := f (a − x) and hx(u) := f (a) − f (x). Then a − x ∈ f −1(u) ⊂ f −1(B(u, δ)) and
hx(u) = f ((a−x)+x)−f (x) is a value of a selection of function Gx at u. Consequently,∥∥hx(u) − v∥∥= ∥∥f (a) − f (x) − v∥∥ δ.
Let gx : Y → Y be an arbitrary selection of Gx . In what follows, we prove that∥∥gx(0)∥∥ ε + δ. (10)
Since gx(0) ∈ Gx(0), there exists a ∈ f −1(B(0, δ)) such that gx(0) = f (a + x) − f (x).
Hence, because ‖f (a)‖ δ, on account of (5) we obtain∥∥gx(0)∥∥= ∥∥f (a + x) − f (x)∥∥

∣∣∥∥f (a + x) − f (x)∥∥− ∥∥f (a)∥∥∣∣+ ∥∥f (a)∥∥  ε + δ,
so, we have got (10).
Since Gx is a δ-surjection and since gx(u) ∈ Gx(u), on account of (9) we have
∀v∈Y ∃u∈Y
∥∥v − gx(u)∥∥ 2ε + 3δ,
so gx is a (2ε + 3δ)-surjection. Hence, gx − gx(0) is a (3ε + 4δ)-surjection. Moreover, it
vanishes at zero and, due to (8), it is a (2ε + 2δ)-isometry.
From Theorem A there exists a unique linear isometry Igx : Y → Y such that∥∥gx(u) − gx(0) − Igx (u)∥∥ 4ε + 4δ, u ∈ Y.
As a consequence, on account of (10) we obtain∥∥gx(u) − Igx (u)∥∥ 5ε + 5δ, u ∈ Y. (11)
In what follows we show that this isometry does not depend on the choice of a selection
of Gx . Let hx : Y → Y be another selection of Gx . Then∥∥Ihx (u) − Igx (u)∥∥ ∥∥Ihx (u) − hx(u)∥∥+ ∥∥hx(u) − gx(u)∥∥+ ∥∥gx(u) − Igx (u)∥∥
 12ε + 12δ.
From the linearity of the isometries Igx and Ihx , we obtain Igx = Ihx .
Denote Igx shortly by Ix . For fixed x, y ∈ X let u := f (y). Then y ∈ f −1(u) ⊂
f −1(B(u, δ)) and f (y + x) − f (x) is the value of a selection gx of Gx at the point u.
From the definition of Gx and on account of (11) we get∥∥f (y + x) − f (x) − Ix(f (y))∥∥ 5ε + 5δ, x, y ∈ X. (12)
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Hence, on account of (12), (13) and (4), for all x, y ∈ X we obtain∥∥f (x) − Iy(f (x))∥∥ ∥∥f (x) + Ix(f (y))− f (y + x)∥∥+ ∥∥f (y + x) − f (x + y)∥∥
+ ∥∥f (x + y) − f (y) − Iy(f (x))∥∥+ ∥∥f (y) − Ix(f (y))∥∥
 10ε + 10δ + m + 2∥∥f (y)∥∥.
Fix y ∈ X in the above inequality. Since f is a δ-surjection, for an arbitrary u ∈ Y there
exists x ∈ X such that ‖u − f (x)‖ δ and we have∥∥u − Iy(u)∥∥ ∥∥u − f (x)∥∥+ ∥∥f (x) − Iy(f (x))∥∥+ ∥∥Iy(f (x))− Iy(u)∥∥
 10ε + 12δ + m + 2∥∥f (y)∥∥.
From the linearity of the isometry Iy we get
Iy(u) = u, u ∈ Y.
Coming back to (13), we obtain∥∥f (x + y) − f (y) − f (x)∥∥ 5ε + 5δ, x, y ∈ X,
which completes the proof. 
Theorem 1 with ε = 0 and δ = 0 describes the solutions of (2) in the class of surjective
functions, and the result reads as follows.
Corollary 1. Let (X,+) be a group and (Y,‖ · ‖) be a real Banach space. Let, moreover,
f : X → Y be a surjection such that (4) holds. Then f satisfies (2) if and only if it is
additive.
Under a little bit stronger assumptions upon the domain and the considered functions
we are able to formulate a stability result.
Theorem 2. Let (X,+) be a group, (Y,‖ · ‖) be a real Banach space, and let δ and ε be
nonnegative constants. Assume that f : X → Y is a δ-surjection such that
f (x + y + z) = f (x + z + y), x, y, z ∈ X. (14)
If f satisfies (5), then there exists exactly one additive function g : X → Y such that∥∥f (x) − g(x)∥∥ 5ε + 5δ, x ∈ X.
Proof. Obviously condition (14) implies (4) (with m = 0). So, from Theorem 1 we
have (6). Condition (14) allows us also to use the result by J. Rätz from [11, Theorems 4
and 5; pp. 240, 244] there exists a uniquely determined additive function g : X → Y such
that ∥∥f (x) − g(x)∥∥ 5ε + 5δ, x ∈ X.
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which means that (2) is stable. 
Remark 1. The assumptions (4) and (14) in Theorem 1, Theorem 2 and Corollary 1 are
much weaker than commutativity. Assuming the commutativity in the domain, (4) and (14)
simply vanish.
Remark 2. Condition (14) is often called the Kannappan’s condition since for the first
time it appeared in his paper [9] while studying the D’Alembert’s functional equation on
not necessarily commutative groups.
It is worth underlining the importance of the nearsurjectivity assumption in Theorem 2.
The following example (for some more details see [2,14]) shows that (2), in general, is not
stable.
Example 1. Consider R2 with the euclidean norm and define f :R→R2 by
f (x) := (x, sgn(x)√|x| ), x ∈R. (15)
This function is odd and satisfies∣∣∥∥f (x − y)∥∥− ∥∥f (x) − f (y)∥∥∣∣ 1, x, y ∈R,
but for every additive function a :R→R2 we have
sup
x∈R
∥∥f (x) − a(x)∥∥= ∞. (16)
If there existed a nonadditive function g satisfying (2) such that ‖f (x)− g(x)‖ η for all
x ∈ X and for some η 0, then we would have, on account of the oddness of f ,∥∥g(x) + g(−x)∥∥ ∥∥g(x) − f (x)∥∥+ ∥∥f (x) + f (−x)∥∥+ ∥∥g(−x) − f (−x)∥∥ 2η.
Hence, as g satisfies (2),
∣∣∥∥g(x + y)∥∥− ∥∥g(x) + g(y)∥∥∣∣ ∣∣∥∥g(x − (−y))∥∥− ∥∥g(x) − g(−y)∥∥∣∣
+ ∣∣∥∥g(x) − g(−y)∥∥− ∥∥g(x) + g(y)∥∥∣∣

∥∥g(y) + g(−y)∥∥ 2η.
Because the target space is strictly convex, the existence of a function h satisfying (1) and
being uniformly close to g would mean that h is additive (cf. [7]). But then such a function
would also be uniformly close to f , which contradicts (16).
In what follows, using Theorem 2 and Remark 1, we show that the equation for functions
preserving the equality of distance under the δ-surjectivity assumption is also stable.
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ε, δ be two nonnegative constants. If f : X → Y is a δ-surjection satisfying the condition
‖x − y‖ = ‖u − v‖ ⇒ ∣∣∥∥f (x) − f (y)∥∥− ∥∥f (u) − f (v)∥∥∣∣ ε, (17)
then there exist a constant c > 0 and a unique linear isometry G : X → Y such that∥∥f (x) − f (0) − cG(x)∥∥ 5ε + 5δ, x ∈ X.
If, moreover, (X,‖ · ‖) is a Banach space, then G is bijective.
Proof. Without loss of generality we may assume that f (0) = 0 (considering, if neces-
sary, f − f (0) instead of f ). Substituting u := x − y and v := 0 in (17) we see that f
satisfies (5). From Theorem 2 there exists a unique additive function g : X → Y such that∥∥f (x) − g(x)∥∥ 5ε + 5δ, x ∈ X. (18)
The above condition, together with the δ-surjectivity of f proves (5ε + 6δ)-surjectivity
of g.
In the next step we will prove that g preserves the equality of distance, but since g is
additive, it is enough to show that for all x, y ∈ X,
‖x‖ = ‖y‖ ⇒ ∥∥g(x)∥∥= ∥∥g(y)∥∥.
To do this, take x, y ∈ X such that ‖x‖ = ‖y‖. From (17) and (18) we get∣∣∥∥g(x)∥∥− ∥∥g(y)∥∥∣∣

∣∣∥∥g(x)∥∥− ∥∥f (x)∥∥∣∣+ ∣∣∥∥f (x)∥∥− ∥∥f (y)∥∥∣∣+ ∣∣∥∥f (y)∥∥− ∥∥g(y)∥∥∣∣

∥∥g(x) − f (x)∥∥+ ε + ∥∥f (y) − g(y)∥∥= 11ε + 10δ.
So, we have the condition
‖x‖ = ‖y‖ ⇒ ∣∣∥∥g(x)∥∥− ∥∥g(y)∥∥∣∣ 11ε + 10δ,
and from the additivity of g we have ‖g(x)‖ = ‖g(y)‖ for all x, y ∈ X such that ‖x‖ = ‖y‖.
In what follows, we are going to show that g is continuous. First we shall prove that g
has a dense image in Y , i.e., for arbitrary η > 0 and y ∈ Y there exists x ∈ X such that∥∥y − g(x)∥∥ η. (19)
Fix y ∈ Y . From the (5ε + 6δ)-surjectivity of g, for each positive integer n there exists
an ∈ X such that∥∥ny − g(an)∥∥ 5ε + 6δ.
From the additivity of g we have∥∥∥∥ny − ng
(
an
n
)∥∥∥∥ 5ε + 6δ,∥∥∥∥y − g
(
an
n
)∥∥∥∥ 5ε + 6δn ,
which already shows that (19) holds true.
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‖g(x) − g(y)‖ η2 . Define δ := 2‖x − y‖. Take u,v ∈ X such that ‖u − v‖ δ and find
z ∈ X such that ‖u− z‖ = ‖v− z‖ = δ2 . Since g preserves the equality of distance, we have∥∥g(u) − g(z)∥∥= ∥∥g(v) − g(z)∥∥= ∥∥g(x) − g(y)∥∥,
and so∥∥g(u) − g(v)∥∥ ∥∥g(u) − g(z)∥∥+ ∥∥g(z) − g(v)∥∥= 2∥∥g(x) − g(y)∥∥ η,
which proves the continuity of g, hence the linearity of g.
Let x0 be any vector with ‖x0‖ = 1. Set c := ‖g(x0)‖ 0. Obviously, the constant c is
independent of the choice of x0. Now, for every x ∈ X \ {0} we have
∥∥g(x)∥∥=
∥∥∥∥g
(
‖x‖ x‖x‖
)∥∥∥∥= ‖x‖
∥∥∥∥g
(
x
‖x‖
)∥∥∥∥= c‖x‖.
It follows that c 	= 0 and G := c−1g is an isometry.
If (X,‖ · ‖) is a Banach space, then because c−1g is an isometry, g(X) is closed in Y .
As it is also dense, we have g(X) = Y , as desired. 
Remark 3. Since g = cG in the last theorem preserves the equality of distance, the condi-
tional functional equation (3) is stable.
Remark 4. One can check that the function f defined in (15) is a good example, also in
case of Theorem 3, showing that the nearsurjectivity assumption is essential.
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